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Accelerating and decelerating cosmology from spinor and scalar fields non-minimally
coupled with f(R) gravity
Yu.A. Rybalov, A. N. Makarenko, K.E. Osetrin
Department of Theoretical Physics, Tomsk State Pedagogical University, Tomsk, 634041, Russia.
In this paper we investigate the accelerating and decelerating cosmological models with non-
linear spinor fields and non-minimal interaction of f(R) gravity with a scalar field. We combine two
different approaches to the description of dark energy: modified gravity theory and introduction of
the additional fields. Solutions for the FRW universe with power-law scale factor are reconstructed
for the model under consideration with specific choice for scalar and spinor potentials. It is explained
the role of scalar and spinor potentials as well as f(R) function for emergence of accelerating or
decelerating cosmology.
PACS numbers:
I. INTRODUCTION
The problem of the dark energy and dark matter is
one of the main challenges of modern cosmology. Astro-
physical data indicate that the observed universe is in an
accelerated phase [1]. This acceleration could be induced
by the so-called dark energy (see Ref. [2] for a recent
review). On the other hand, astrophysical observations
provide evidence [3] for the existence of a non-baryonic,
non-interacting and pressure-less component of the Uni-
verse, dubbed dark matter. This leads us to the need to
revise the standard cosmology.
The cosmological constant models are the simplest can-
didates for the solution of the problem of the universe
acceleration. However, these models have still problems
with the consistent description of the different evolution
stages of the Universe. Scalar theory is most popular
to describe the current accelerating expansion and early-
time inflation. However, to describe the dark matter we
have to introduce additional fields. One can consider a
model with two scalar fields [4] (or scalar field and la-
grange multiplier(s) [5]), or, for example, models with
additional spinor field to describe dark energy and dark
matter.
The study of spinor fields in curved spacetime has a
long history. The Dirac equation was investigated for
massless spinor fields in curved space-time more than 50
years ago [6]. Spinor fields can be used to describe the
primordial inflation [7] and current expansion [8]. How-
ever, the exact solutions in the presence of the spinor
field is difficult to build (for example, see [9]).
A significant number of attempts have been made to
construct the cosmological models with a spinor field for
description of dark energy, where a non-canonical kinetic
term was considered, such as k-inflation and k-essence
models [10]. In [11], the properties of one of the foregoing
models with self-interacting spinor with the noncanonical
kinetic term were studied.
It should be noted that the models involving the
squared classical Dirac Lagrangian can be considered as
a special case of the k-essence model [12]. The scalar
invariant constructed from two spinor fields dynamically
develops a nonvanishing value in Quantum Chromody-
namics (QCD) theory [13]. In this case, the chiral sym-
metry for the spinor field is broken. This is of significance
for the evolution of the Universe. Only in a few papers
the dynamic symmetry was assessed with the aim of in-
terrupting non-static behavior of spacetime.
There is another way to solve the problem of dark en-
ergy that does not require the introduction of the dark
component. The modified theory of gravity may be quite
realistic to describe the different phase of evolution of
the Universe (see recent review [14]). A simple model
describing the unified description for primordial infla-
tion and current accelerating expansion was presented
by Nojiri-Odintsov in [15]. It also shows the viability of
the modified gravity [16–19], which describes the ΛCDM
epoch, like the standard theory with cosmological con-
stant. In addition, such models satisfy the tests of solar
system (see [20]), as well as to adequately describe all
the stages of development of the universe, starting with
the early inflation until late accelerated expansion, with
a correct description of the intermediate stage [17, 18].
In order to merge two approaches, we could use non-
local gravity and present its local (scalar-tensor) formula-
tion. Such theories also naturally lead to the unification
of inflation with late-time cosmic acceleration.
In the recent paper we considered a cosmological model
with a spinor field and a scalar field couples with an ar-
bitrary function of the curvature. Of course, such mod-
els are not standard ones, in the sense that they are
not multiplicatively renormalizable in curved spacetime
[22]. Hence, they should be considered as kind of effec-
tive theories (without clear understanding of their ori-
gin and their relation with more fundamental string/M-
theory). The present paper is devoted to study of non-
minimally coupled scalar theory introduced in refs.[21]
with self-interacting spinor field. We study the FRW
equations of motion for such non-linear and non-minimal
system with scalar and spinor fields. Specific choice of
scalar and spinor potentials is made in the process of the
search of explicit accelerating/decelerating cosmological
2solutions. Several power-law solutions for current dark
energy epoch are constructed. It is known that these
cosmologies are quite realistic and pass the observational
bounds.
II. THE FIELD EQUATIONS
Let us consider a model with the action in the form:
S =
∫
d4
√−g
(
R
2
+ f(R)Lφ + LD
)
, (1)
where R is scalar curvature.
The Lagrangian of a scalar field of mass m is given by:
Lφ = 1
2
gµνφ; µφ; ν − V (φ), (2)
where V (φ) is the potential of the scalar field. The Dirac
Lagrangian LD of fermion field of mass mf has the form:
LD = i
2
{ψ¯ΓµDµψ−Dµψ¯Γµψ}−mf〈ψ¯ψ〉−V (ψψ¯). (3)
In the expression (3), V (ψψ¯) describes the potential of
fermion field and ψ¯ = ψ†γ0 denotes the conjugate spinor.
Γµ = eµaγ
a are generalized the Dirac matrices in a curved
spacetim (eµa is tetrad). The covariant derivative in the
equation (3) is defined by the rule:
Dµψ = ∂µψ − Ωµψ,
Dµψ¯ = ∂µψ¯ − ψ¯Ωµ, (4)
where
Ωµ = −1
4
gρσ
[
Γρµδ − eρb∂µebδ
]
ΓσΓδ, (5)
Here Γρµσ are Christoffel symbols.
Let us now consider a Friedmann-Robetson-Walker
(FRW) universe with the flat spatial metric
ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). (6)
From Eq. (1) and (3) one can obtain equation for the
spinor field
dLD
dψ¯
=
dLD
dψ
= 0 (7)
or
i(Dµψ¯)Γ
µ +mf ψ¯ +
dV
dψ
= 0, (8)
iΓµDµψ −mfψ − dV
dψ¯
= 0. (9)
Einstein’s equations can be written as
Rµσ − 1
2
gµνR = −Tµν, (10)
where Tµν = (Tf )µν + (Tφ)µν , (Tf )µν is the energy-
momentum tensor of the fermion fields and (Tφ)µν is the
contribution of the variation of the scalar field which non-
minimally interacts with F (R) . A symmetric form of the
energy-momentum of the fermion field is as follows
(Tf )
µν = −gµνLD + (11)
+
i
4
{ψ¯ΓµDνψ + ψ¯ΓνDµψ −Dνψ¯Γµψ −Dµψ¯Γνψ},
where Γ0 = γ0, Γi = 1a(t)γ
i, Γ5 = γ5 and
Ω0 = 0, Ωi =
1
2
a˙(t)γiγ0. (12)
From the equations (12), (1), (3) and (6) we get the non-
zero components of the energy-momentum temsor of the
fermion field
(Tf )
0
0 = mf 〈ψ¯ψ〉+ V, (13)
(Tf )
i
i = V −
ψ¯
2
dV
dψ¯
− dV
dψ
ψ
2
. (14)
The interaction between the fermionic components is
modeled by a non-equilibrium pressure (̟) in the energy-
momentum tensor source.
A symmetric form the energy-momentum tensor of the
scalar field can be obtained from (1) in the form
(Tφ)µν = −(Lφf ′Rµν + fφ; µφ; ν − (15)
−2 [Lφf ′ + 2Lφ ; σf ′; σ + Lφf ′] gµν +
+2
[Lφ ; µνf ′ + Lφ ; µf ′; ν + Lφ ; νf ′; µ + Lφf ′; µν]).
(Tφ)
0
0 = pφ = −(Lφf ′R00 + fφ˙2 − (16)
−2 [Lφf ′ + 2Lφ ; σf ′; σ + Lφf ′]+
+2
[Lφ , 00f ′ + Lφ , 0f ′, 0 + Lφ , 0f ′, 0 + Lφf ′, 00]).
(Tφ)
i
i = −ρφ = (17)
= −(Lφf ′Rii − 2
[
Lφf ′ + 2Lφ ; σf ′; σ + Lφf ′
]
).
We now write the equation of motion of the scalar field
as
f(R)φ+ gµνf; µφ; ν + V
′(φ)f(R) = 0,
V ′(φ) =
dV (φ)
dφ
. (18)
The consequence of the equations of motion of the
spinor fields is given by:
d
dt
ψ¯ψ + 3Hψ¯ψ = 0, (19)
or
3˙¯ψ
ψ¯ψ
= −3H, (20)
ψ¯ψ =
c
a(t)3
. (21)
Self-interaction potential can be written as V =∑
n αn〈ψ¯ψ〉2n, where αn and n are constants. The po-
tential V is considered as a scalar invariant.
III. RECONSTRUCTION OF SOLUTIONS
We consider our model for the case of power-law de-
pendence of scale factor on the time (a(t) = a0t
n) when
the function F (R) has a form F (R) = r0R
p. Spinor field
we select as (21) and limit the potential to the first three
terms
V (ψ¯ψ) = α1(ψ¯ψ)
2 + α2(ψ¯ψ)
4 + α3(ψ¯ψ)
6. (22)
A. Model 1
Let us consider the action in the following form
(F (R) = 1):
S =
∫
d4
√−g{R
2
+ Lφ + LD}. (23)
One can choose the Lagrangian of the scalar field as
(2), we get the following expressions
V (φ) = −2c(a
15mf + a
12cα1 + a
6c3α2 + c
5α3)
2a18r0
+
+
−6a16a′2 + a18r0φ′2
2a18r0
(24)
0 = −2a
′2
a2
+ r0φ
′2 + (25)
+
a15cmf + 2a
12c2α1 + 4a
6c4α2 + 6c
6α3 + 2a
17a′′
a18
,
0 = −2a16a′3 + 2a18(ar0φ′φ′′ + a(3)) + (26)
3a′(−2(a12c2α1 + 6a6c4α2 + 15c6α3) + a18r0φ′2).
Then, using that a(t) = a0t
n, φ(t) = f0t
k, we get the
following solutions:
1) n = 23 , α2 = α3 = 0, mf =
4a30
3c ,
k = −1, α1 = −a
6
0f
2
0 r0
2c2 , V (φ) = 0.
2) n = 23 , α1 = α3 = 0, mf =
4a30
3c ,
k = −3, α2 = − 9a
12
0 f
2
0 r0
4c4 , V (φ) = − 9φ
8/3
4f
2/3
0
= − 9f20t8 .
3)n = 23 , α1 = α2 = 0, mf =
4a30
3c ,
k = −5, α1 = − 25a
18
0 f
2
0 r0
6c6 , V (φ) = − 25φ
12/5
3f
2/5
0
= − 25f203t12 .
4)n = 13 , α2 = α3 = 0, mf = −
a30f
2
0 r0
4c ,
k = 12 , α1 =
a60
3c2 , V (φ) =
3f40
8φ2 =
f20
8t .
5)n = 16 , α1 = α3 = 0, mf = −
9a30f
2
0 r0
16c ,
k = 34 , α2 =
a120
12c4 , V (φ) =
9f
8/3
0
32φ2/3
=
9f20
32t1/2
.
6)n = 19 , α1 = α2 = 0, mf = −
25a30f
2
0 r0
36c ,
k = 56 , α3 =
a180
27c6 , V (φ) =
25f
12/5
0
72φ2/5
=
25f20
72t1/3
.
We have several solutions that meet the decreased ex-
pansion. This situation is obvious, because the presence
of of the spinor field leads to slower the universe expan-
sion.
B. Model 2
Let us consider our model in the absence of a spinor
field
S =
∫
d4
√−g{R
2
+ f(R)Lφ}. (27)
If the Lagrangian of the spinor field has the form (2)
and
a(t) = a0t
n, φ(t) = f0t
k, f(R) = r0R
p,
then we obtain the following solution
V (φ) =
f
2/p
0 p
2(1− 3n+ p)φ2−2/p
2(−1 + p) =
=
f20 p
2(1− 3n+ p)t−2+2p
2(−1 + p) (28)
k = p,
r0 =
6n1−p(−1 + 2n)(−6 + 12n)−p(−1 + p)
f20 p
2(3− 6n− p+ 3np) .
p and n may be arbitrary, except n = 0, n = 1/2, p =
0, n = p−33(p−2) .
For this model, the n can be arbitrary. If one selects
the potential of the scalar field to be zero, we obtain the
limit for n
n =
1 + p
3
.
The same solution was obtained in the review [14] as
realistic cosmology satisfying observational bounds and
predicted by modified gravity.
4C. Model 3
We now choose the action in its original form (1),
where the Lagrangian of the scalar field is (2) and a(t) =
a0t
n, f(R) = r0R
p.
1.1) V (φ) = (434− 38√73)f20 t1/6(−5−
√
73)−
−φ′ (11 + 7
√
73)φ′
(−19 +√73)2(1 + a20t4/3)
− (29)
−φ′ 3a
2
0t
4/3((217− 19√73)φ′ + (52√73− 412)tφ′′))
(−19 +√73)2(1 + a20t4/3)
.
Substituting φ(t) = f0t
k we get,
V (φ) = − 1
144
(11 + 7
√
73)f
5
2−
√
73
2
0 φ
1
2 (−1+
√
73) =
= − 1
144
(11 + 7
√
73)f20 t
1
6 (−17−
√
73), (30)
α2 = 0, α3 = 0, n = 2/3, mf =
4a30
3c
,
k = p− 1 = −1.12867,
α1 = − 2
1/6−
√
73/631/12(
√
73−31)(19
√
73−217)a60f20 r0
(−19+√73)c2 =
= −0.27989a
6
0f
2
0 r0
c2
, p =
1
12
(7 −
√
73) = −0.128667.
1.2) V (φ) = 1
4(−1+2p+6a20(−1+p)pt2/3)
×
×((−1)−pt−1+2p(−eippi(f0 + 2f0p)2−
−2(−1)pt1−2pφ′((−1 − 2p − 6a20p(−2 + 3p)t2/3)φ′ +
12a20pt
5/3φ′′))),
V (φ) =
1
8
f
4
1+2p
0 (1 + 2p)
2φ
−2+4p
1+2p =
1
8
f20 (1 + 2p)
2t−1+2p,
α2 = 0, α3 = 0, n =
1
3
,
mf = −2
p−23−pa30e
ippif20 r0(2p+ 1)
2
c
,
k = p+
1
2
, α1 =
a60
3c2
.
1.3) V (φ) = 1r0 − 494 f20 t3/2 + (92 + 9a20t1/3)φ′2 −
12a20t
4/3φ′φ′′,
V (φ) =
1
r0
+
49
32
f20
(
φ
f0
)6/7
=
1
r0
+
49
32
f20 t
3/2, (31)
α1 = 0, α3 = 0, n =
1
6
, mf =
49a30f
2
0 r0
24c
,
k = p+
3
4
, α2 = − a
12
0
12c4
, p = 1.
1.4) V (φ) = 1r0 − 84736 f20 t5/3 + 152 (1 + 2a20t2/9)φ′2 −
18a20t
11/9φ′φ′′,
V (φ) =
1
r0
+
121
72
f
12
11
0 φ
10
11 =
1
r0
+
121
72
f20 t
5/3, (32)
α1 = 0, α2 = 0, n =
1
9
, mf =
847a30f
2
0 r0
486c
,
k = p+
15
18
, α3 = − a
18
0
27c6
, p = 1.
In this case, we see that many potentials allows us
to find the explicit solutions. However, in several cases
the expansion maybe decelerated. We dont discuss the
details of the found solutions because it is known that
several versions of them satisfy the observational bounds.
IV. CONCLUSIONS
Thus, in our model we have a different types of behav-
ior of the universe expansion. The presence of the spinor
field leads to a slowing of the universe expansion, when
the scale factor is positive and less than one (n = 1/9,
1/6, 1/3 and 2/3). For the case of a free scalar field if
n = 2/3 then we get the scalar field decreasing over time.
Otherwise, the scalar field increases with time (φ ∼ t1/2,
t3/4 and t5/6).
If we consider the model in the absence of a spinor field
the situation is changing. The presence of non- minimal
interaction allows to obtain solutions for any value of the
degree in the scale factor. The degree of a scalar field is
arbitrary. We have only one restriction - k = p (where
φ = f0t
k and F (R) = r0R
p).
All the solutions we obtained for the power-law scalar
field (φ ∼ tk). Choosing a different type of fields, such
as logarithmic function of time, lead us to an equation
without explicit solution.
Consider as an example the case of the scalar potential
field set to 1/2mφ2. In this case, the equation (18) gets
the form
2m t φ+ (3n− 2p)φ˙+ tφ¨ = 0.
The solution of this equation is
φ = t
1
2− 3n2 +p(BesselJ
[
1
2
− 3n
2
+ p,
√
2
√
mt
]
c1+
BesselY
[
1
2
− 3n
2
+ p,
√
2
√
mt
]
c2),
5where c1 and c2 are constant, BesselJ is the Bessel func-
tion of the first kind and BesselY is the Bessel function
of the second kind. We see that in this case it would be
difficult to check the compatibility of the solutions with
the Einstein equations. For this reason, we restricted
ourselves to the power dependence of the scalar field on
time.
If the degree of the scale factor is positive, we get the
quintessence-type universe. However, we can consider
the case of a negative power. One can do a replacement
t→ t− ts (ts is a constant) and we obtain the phantom
universe with the singularity of the future such as the
Big Rip.
We see that the presence of a spinor field of specific
type does not permit the universe to expand with acceler-
ation. The introduction of a scalar field does not change
the situation. However, in the absence of a spinor field
the non-minimal interaction leads us to arbitrary powers
of the scale factor and the scalar (in power form), but
fixing potential and function f(R).
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